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VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Teopema (Heobxogmmoe ycnosne skCTpemyma)
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Teopema (Heobxogmmoe ycnosne skCTpemyma)
Ecnn Touka ¢ siBAseTcs TOUKON 3KCTPEMYMa
dyHKumn f(x), To B 3TOI TOUKE NPOM3BOAHAS
f'(c) paBHa HyntO UNKM He CylLecTBYeT.

MA, Mogynb 2, Jlekuyusa 2.6



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Ecan f'(c) = 0, To B Touke ¢ dyHKUMA UMeeT
FMAAKNIA SKCTPEMYM.
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Ecan f'(c) = 0, To B Touke ¢ dyHKUMA UMeeT
rnagkuii akcTpemym. Ecnu f/(c) ne cywectayer,
TO B TOYKE C (PYHKLMNSI MMEET OCTPbIiA

3KCTPEMYM.

MA, Mogynb 2, Jlekuyusa 2.6



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

[pumepsi:
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

[pumepsi:

[nagkuii skcTpemym OcTpblit 3KCTpeMyM
A VA

>
X

A eSS

MA, Mogynb 2, Jlekuus 2.6 4 /28



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Teopema (goctaTo4Hoe ycnoBue SKCTpeMyMa no
nepsoli npoussogHon)*
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Teopema (goctaTo4Hoe ycnoBue SKCTpeMyMa no
nepsoli npoussogHon)*

MycTtb dbyHkuns f(x) andpdeperymnpyema B
HEKOTOPOVi OKPECTHOCTU TOYKW €, KpOME, DbITb
MOXXET, CaMOIi TOYKMN C, B KOTOPOI OHa SIBASETCS
HenpepbiBHORA. Torga, ecnu f/(x) mMeHsieT 3Hak
NPy NEPEXOfe YepPe3 TOYKY C, TO TOYKA C
ABJIAETCA TOYKONM SKCTPEMYyMa.

MA, Mogynb 2, Jlekuns 2.6 5/ 28



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

LlokazaTenbCcTBo

MA, Mogynb 2, Jlekuyusa 2.6



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

LlokazaTenbCcTBo
Paccmotpum cnyvaii f/(x) > 0 gns x < ¢
f'(x) < 0 gns x > c.

MA, Mogynb 2, Jlekuyusa 2.6



VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

LlokazaTenbCcTBo

Paccmotpum cnyvaii f/(x) > 0 gns x < ¢
f'(x) < 0 gna x > c. Mo Teopeme Jlarpatxa
f(x) — f(c) = f(&)(x — ¢), rae yncno & nexur

Ha WHTEPBAJE C KOHUaMWN X N C.

MA, Mogynb 2, Jlekuyusa 2.6



VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Ecim x < ¢, Tox—c <0, f'(§) > 0.
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VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,
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VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,f(x) < f(c).
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VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,f(x) < f(c).
Ecm x > ¢, Tox—c >0, f/(§) <0.
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,f(x) < f(c).
Ecwmx>c tox—c>0, f({)<0=
f(x)— f(c) <0,
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,f(x) < f(c).
Ecwmx>c tox—c>0, f({)<0=
f(x) —f(c) <0,f(x) < f(c).

MA, Mogynb 2, Jlekuyusa 2.6




VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) —f(c) <0,f(x) < f(c).
Ecwmx>c tox—c>0, f({)<0=
f(x) —f(c) <0,f(x) < f(c).

=> C - TOYKaA JIOKaNbHOIro MakCMMyMa.
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Ecimx < ¢, Tox—c <0, f(§) > 0=
f(x) — f(c) < 0,f(x) < f(c).
Ecwmx>c tox—c>0, f({)<0=
f(x) — f(c) <0,f(x) < f(c).

=> € - TOYKa JIOKaJIbHOr0 MaKCUMyMa.
Cnyyaill NoKanbHOrO MUHUMYMa
paccmaTpuaetcs aHanorudHo. Il

MA, Mogynb 2, Jlekuyusa 2.6




VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

[pumepebi:
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VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

[pumepebi:

JlokanbHblii MakcumyM  JlokanbHbIA MUHUMYM
VA VA

Y max

y min
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VCnoBus CyLLIeCTBOBAHMS SKCTPEMYMa

Teopema (,[{OCTaTO‘-IHOe YC/I0BNE SKCTPEMYMA 110
BTOPOW Mpon3BoAHOM )

MA, Mogynb 2, Jlekuyusa 2.6



VcnoBus CyLLeCTBOBaHUS 3KCTPEMYMaA

Teopema (gocTaToqHoe ycioBne SKCTPEMyMa fo

BTOPOW Mpon3BoAHOM )

Mycts f(x) € D?(c), f'(c) =0, f"(c) # 0. Ecnu
f"(c) < 0, To ¢ - TouKa NOKaNLHOTO MaKCUMyMa.
Ecaun f’(c) > 0, To ¢ - Touka nokansHoro

MWHNMYMa.
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Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN

A E :
a Xl X2 b
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Bbinyknocts dpyHKLmN

10 / 28
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Bbinyknocts dpyHKLmN

A E :
! \1 J ; :
a )Cl C Xz b
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Bbinyknocts dpyHKLmN

MycTb dbyHkums f(x) onpeaeneHa Ha uHTepBane
(a, b).
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Bbinyknocts dpyHKLmN

MycTb dbyHkums f(x) onpeaeneHa Ha uHTepBane
(a, b).Beibepem Ha rpacbuke aToli dyHKLNY
Npon3BoJibHble To4KM A ¢ koopanHaTolh x3 n B ¢
KOOPAWHATOW Xo.
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Bbinyknocts dpyHKLmN

MycTb dbyHkums f(x) onpeaeneHa Ha uHTepBane
(a, b).Beibepem Ha rpacbuke aToli dyHKLNY
Npon3BoJibHble To4KM A ¢ koopanHaTolh x3 n B ¢
koopanHaTol Xxo.CoeANHNM 3TN TOYKM OTPE3KOM,
33[]aHHbIM ypaBHEHNEM

y = I(x),
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Bbinyknocts dpyHKLmN

MycTb dbyHkums f(x) onpeaeneHa Ha uHTepBane
(a, b).Beibepem Ha rpacbuke aToli dyHKLNY
Npon3BoJibHble To4KM A ¢ koopanHaTolh x3 n B ¢
koopanHaTol Xxo.CoeANHNM 3TN TOYKM OTPE3KOM,
33[]aHHbIM ypaBHEHNEM

y = I(x),

rae x3 < x < xp
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Bbinyknocts dpyHKLmN

MycTb dbyHkums f(x) onpeaeneHa Ha uHTepBane
(a, b).Beibepem Ha rpacbuke aToli dyHKLNY
Npon3BoJibHble To4KM A ¢ koopanHaTolh x3 n B ¢
koopanHaTol Xxo.CoeANHNM 3TN TOYKM OTPE3KOM,
33[]aHHbIM ypaBHEHNEM

y = 1(x),
rone x3 < x<xpu
I(x) = f(x2)(x — x1) + f(x1)(x — x).

X2 — X1
MA, Mogynb 2, Jlekuyusa 2.6




Bbinyknocts dpyHKLmN

Ha untepBane (x1, x) BbibEpeM Npon3BoNbHYHO
TOYKY C.
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Bbinyknocts dpyHKLmN

Ha untepBane (x1, x) BbibEpeM Npon3BoNbHYHO
To4ky c. B gaHHoli Touke:

MA, Mogynb 2, Jlekuus 2.6 12 / 28



Bbinyknocts dpyHKLmN

Ha untepBane (x1, x) BbibEpeM Npon3BoNbHYHO
TOuKy c. B maHHoii Touke: f(c) - 3To paccTosiHne
ot ocn Ox po rpacpuka dpyHkumn f(x),
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Bbinyknocts dpyHKLmN

Ha untepBane (x1, x) BbibEpeM Npon3BoNbHYHO
TOuKy c. B maHHoii Touke: f(c) - 3To paccTosiHne
ot ocu Ox po rpaduka pynkuymu f(x), a I(c) -
paccTosiine oT ocm Ox o otpeska AB.

MA, Mogynb 2, Jlekuus 2.6 12 / 28



Bbinyknocts dpyHKLmN

OnpeneneHne

PyHkuus f(x) HasbiBaeTCs BbINYKAOW BBEPX
(BHU3) Ha (a, b), ecnn Vxy, x € (a, b), x1 < x
n Ve € (x1,Xp) BbIMONHSETCS HEPABEHCTBO

I(c) < f(c) (I(c) = f(c)).

MA, Mogynb 2, Jlekuns 2.6 13 / 28



Bbinyknocts dpyHKLmN

[pumepsi:

MA, Mogynb 2, Jlekuyusa 2.6



Bbinyknocts dpyHKLmN

[pumepsi:
BeinyknocTb BBEPX BbinyknocTb BHU3
v A v

> >
X X
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Bbinyknocts dpyHKLmN

Teopema (goctaToqHoe ycnosue BbimykaocTu)™
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Bbinyknocts dpyHKLmN

Teopema (goctaToqHoe ycnosue BbimykaocTu)™
Mycts f(x) € D?(a, b). Ecnn Vx € (a, b)

1) f"(x) <0, To f(x) Bbinykna BBeepx,

2) f"(x) > 0, 1o f(x) BbINyKNa BHYM3.

MA, Mogynb 2, Jlekuyusa 2.6



Bbinyknocts dpyHKLmN

LlokazaTenbcTso
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Bbinyknocts dpyHKLmN

LlokazaTenbcTso
[lyctb a < x1 < x < x» < b.
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Bbinyknocts dpyHKLmN

LlokazaTenbcTso
[lyctb a < x1 < x < x» < b.

I(x) = f(x) =
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Bbinyknocts dpyHKLmN

LlokazaTenbcTso
[Tyctb a < x1 < x < xp < b.
I(x) = f(x) =

f(x)(x —x1) + f(x1)(x2 — x)

(x — x1)2+_(xl — x)

— f(x) —

X2 — X1

MA, Mogynb 2, Jlekuyusa 2.6




Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN

_ (Flx) = F(Xx))(x = x1)—

—(f(x) = f(x)) e = x)
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Bbinyknocts dpyHKLmN

_ (Flx) = F(Xx))(x = x1)—

—(f(x) = f(x)) e = x)

no Teopeme JlarpaHxa

f(b) — f(a) = f'(c)(b—a),a<c<b|

MA, Mogynb 2, Jlekuns 2.6 17 / 28



Bbinyknocts dpyHKLmN
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Bbinyknocts dpyHKLmN

f'(n)(x2 — x)(x — x1) — F/(§)(x — x1)(x2 — x)

X2 — X1
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Bbinyknocts dpyHKLmN

f'(n)(x2 — x)(x — x1) — F/(§)(x — x1)(x2 — x)

(F(n) — F(E)x — )0 —x)

X2 — X1
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Bbinyknocts dpyHKLmN

f'(n)(x2 — x)(x — x1) — F/(§)(x — x1)(x2 — x)

(F(n) — F(E)x — )0 —x)

X2 — X1

no TeopemMe JlarpaHxa

T A(b) = F(a)=f'(c)(b—a),a<c<b|
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Bbinyknocts dpyHKLmN

f'(n)(x2 — x)(x — x1) — F/(§)(x — x1)(x2 — x)

(F(n) — F(E)x — )0 —x)

X2 — X1

| no Teopeme Jlarpan>xa )
— f/(b) — f/(a) _ f”(C)(b _ a)) accebl™
_ f"(C)(n —&)(x — x1)(x — x)'

X2 — X1
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Bbinyknocts dpyHKLmN

3pecb x; < E<x<n<xuné<(<n.
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Bbinyknocts dpyHKLmN

3aecb x1 <E<x<n<xuné<{<n.
(77—5)7(X—X1),(X2—X),(XQ—x1) > 0.
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Bbinyknocts dpyHKLmN

3pecb x; < E<x<n<xuné<(<n.

(77 - 6)7 (X - X].)) (X2 — X), (X2 — X1) > 0.
Ecan f7(¢) <0, o I(x) < f(x).
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Bbinyknocts dpyHKLmN

3pecb x1 < E<x<N<xnl<(<n.
(n =€), (x = x1), 02 = x), (e = x1) > 0.
Ecan f7(¢) <0, o I(x) < f(x).

= f(x) Bbinykna BBepx.

Ecan f7(¢) > 0, To I(x) > f(x).
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Bbinyknocts dpyHKLmN

3pecb x1 < E<x<N<xnl<(<n.
(n =€), (x = x1), (e — x), (0 — x1) > 0.
Ecan f7(¢) <0, o I(x) < f(x).

= f(x) Bbinykna BBepx.

Ecan f7(¢) > 0, To I(x) > f(x).

= f(x) BbINykNa BHK3.
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Bbinyknocts dpyHKLmN

Onpeanenerne

Myctb f(x) € D(c) n y = L(x) - ypasHeHue
KacaTesbHOl K rpacuky dyHkuyum f(x) B Touke
c. Ecan f(x) — L(x) meHsieT 3Hak npu nepexoge
4epes TOYKY €, TO C Ha3bIBAETCS TOYKOWA
nepernba cdyHkunn f(x).

MA, Mogynb 2, Jlekuns 2.6 20 / 28



Bbinyknocts dpyHKLmN

[ToBeaeHune pyHKLMUN B OKPECTHOCTW TOYKM
nepernba:
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Bbinyknocts dpyHKLmN

[ToBeaeHune pyHKLMUN B OKPECTHOCTW TOYKM
nepernba:

VA Ax)
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Bbinyknocts dpyHKLmN

Teopema (Heobxogmmoe ycnosue nepernba)*
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Bbinyknocts dpyHKLmN

Teopema (Heobxogmmoe ycnosue nepernba)*
Ecnn B Touke neperuba cyuiecteyet BTopas
NPOW3BOAHAsA, TO OHa paBHa HYJIO.

MA, Mogynb 2, Jlekuus 2.6 22 /28



Bbinyknocts dpyHKLmN

LlokazaTenbcTBo

MA, Mogynb 2, Jlekuyusa 2.6



Bbinyknocts dpyHKLmN

LlokazaTenbCcTBo
MycTb dyHkums f(x) nMeeT B Touke € BTOpPYHO
npounssogHyto f'(c),
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Bbinyknocts dpyHKLmN

LlokazaTenbCcTBo
MycTb dyHkums f(x) nMeeT B Touke € BTOpPYHO

npounssogHyto f(c),m L(x) - kacaTensHas k
rpacpuky dyHkumm f(x) B Touke c:
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Bbinyknocts dpyHKLmN

LlokazaTenbCcTBo

MycTb dyHkums f(x) nMeeT B Touke € BTOpPYHO
npounssogHyto f(c),m L(x) - kacaTensHas k
rpacpuky dyHkumm f(x) B Touke c:

L(x) = f(c)+ f'(¢)(x — ¢).

MA, Mogynb 2, Jlekuns 2.6 23 / 28



Bbinyknocts dpyHKLmN

[To dbopmyne Teiinopa nmeem:
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Bbinyknocts dpyHKLmN

[To dbopmyne Teiinopa nmeem:

f(x) = .
f(c)+f’(c)(x—c)+§f”(c)(x—c)2+o((x—c)2) =
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Bbinyknocts dpyHKLmN

[To dbopmyne Teiinopa nmeem:

f(x) = .
f(c)+f’(c)(x—c)+§f”(c)(x—c)2+o((x—c)2) =
= L) + () — e + of(x — <))
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Bbinyknocts dpyHKLmN

[To dbopmyne Teiinopa nmeem:
f(x) = .
f(c)+f’(c)(x—c)+§f”(c)(x—c)2+o((x—c)2) =
1)+ %f”(c)(x P o(x— o)),

1

= f(x) — L(x) = Ef//(c)(x —¢c)* 4 o((x — ¢)?).
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Bbinyknocts dpyHKLmN

Benauuuna o((x — ¢)?) cTpemuTca K Hynto
beicTpee, YeMm (x — ) npu x — c.
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Bbinyknocts dpyHKLmN

Benauuuna o((x — ¢)?) cTpemuTca K Hynto
beicTpee, YeMm (x — ) npu x — c.

= JU(c) Vx € U(c) :
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Bbinyknocts dpyHKLmN

Benauuuna o((x — ¢)?) cTpemuTca K Hynto
beicTpee, YeMm (x — ) npu x — c.

:1> AU(c) Vx € U(c) :
S"(e)x =) > [ o ((x = ¢))
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Bbinyknocts dpyHKLmN

Benauuuna o((x — ¢)?) cTpemuTca K Hynto
beicTpee, YeMm (x — ) npu x — c.

:1> AU(c) Vx € U(c) :
S"(e)x =) > [ o ((x = ¢))
npn ycnosum, 4to f(c) # 0.
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Bbinyknocts dpyHKLmN

B atom cnyuae 8 U(c) 3Hak f(x) — L(x) bygmeTt
coBnagatb co 3HakoMm f”(c),

MA, Mogynb 2, Jlekuns 2.6 26 / 28



Bbinyknocts dpyHKLmN

B atom cnyuae 8 U(c) 3Hak f(x) — L(x) bygmeTt
coBnagate co 3HakoMm f(c),1e. f(x) — L(x) He
OyLeT MeHsTb 3HAK NpW MEPEXOLE YEpPeE3 TOUKY C,

MA, Mogynb 2, Jlekuusa 2.6



Bbinyknocts dpyHKLmN

B atom cnyuae 8 U(c) 3Hak f(x) — L(x) bygmeTt
coBnagate co 3HakoMm f(c),1e. f(x) — L(x) He
OyLeT MeHsTb 3HAK NpW MEPEXOLE YEpPeE3 TOUKY C,
a 3Ha4uUT, ¢ He DyaeT Toukoi neperunba.
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Bbinyknocts dpyHKLmN

B atom cnyuae 8 U(c) 3Hak f(x) — L(x) bygmeTt
coBnagate co 3HakoMm f(c),1e. f(x) — L(x) He
OyLeT MeHsTb 3HAK NpW MEPEXOLE YEpPeE3 TOUKY C,
a 3Ha4uUT, ¢ He DyaeT Toukoi neperunba.

= Ecan ¢ - Touka neperuba, o f’(c) =0. B
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Bbinyknocts dpyHKLmN

Teopema (gocraToqHoe ycnosue nepernba)
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Bbinyknocts dpyHKLmN

Teopema (gocraToqHoe ycnosue nepernba)
Ecan npu nepexone 4epes Touky ¢ BTOpas
nponssogHas f”(x) MeHseT 3Hak, TO TouKa C -

3TO TO4YKa nmeperuba.
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Cxema MoJIHOro nccienoBaHns yHKLMY
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Cxema MoJIHOro nccienoBaHns yHKLMY

1. Obnactb onpeaeneHus
2. Hynn dyrkymm
3. ViHTepBanbl 3HaKONOCTOSIHCTBA
4. AcnmnToTbl
a) BepTUKa/bHbIE
6) HaknOHHbIE
5. To4kn NOKanbHOTrO SKCTPEMYMa, BO3pacTaHue
n ybbiBaHUe dyHKLNN

6. Toukn nepernba, BbINYKNOCTL BBEPX 1 BHU3 i
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